Abstract. In this paper we define the notion of a generalized coKähler structure and prove that the product M 1 × M 2 of generalized contact metric manifolds (M i , Φ i , E ±,i , G i ), i = 1, 2, where M 1 × M 2 is endowed with the product generalized complex structure induced from Φ 1 and Φ 2 , is generalized Kähler if and only if (M i , Φ i , E ±,i , G i ), i = 1, 2 are generalized coKähler structures. We also prove that products of generalized coKähler and generalized Kähler manifolds admit a generalized coKähler structure. We use these product constructions to give nontrivial examples of generalized coKähler structures. Finally, we show the analogs of these theorems hold in the setting of twisted generalized geometries. We use these theorems to construct new examples of twisted generalized Kähler structures on manifolds that do not admit a classical Kähler structure and we give examples of twisted generalized coKähler structures on manifolds which do not admit a classical coKähler structure.
Introduction
The notion of a generalized complex structure, introduced by Hitchin in his paper [12] and developed by his student Gualtieri ([9] , [10] ) is a framework that unifies both complex and symplectic structures. These structures exist only on even dimensional manifolds. The odd dimensional analog of this structure, a generalized contact structure, was taken up by Vaisman ([20] , [21] ) Wade-Poon [17] and Sekiya [19] . This framework unifies almost contact, contact, and cosymplectic structures. Generalized Kähler structures were introduced by Gualtieri [9] , [10] , [11] and have already found their way into the physics literature ( [13] , [14] , [15] , [8] ). In this paper we consider when products of generalized contact manifolds admit a generalized Kähler structure. In the course of this, we develop the notion of a generalized coKähler structure which may be viewed as both an odd dimensional analog of a generalized Kähler structure and a generalization of classical coKähler geometry.
Consider the almost contact metric manifolds (M i , φ i , ξ i , η i , g i ), i = 1, 2. One can construct a natural almost complex structure [16] on the product M 1 × M 2 as J(X, Y ) = (φ 1 (X) − η 2 (Y )ξ 1 , φ 2 (Y ) + η 1 (X)ξ 2 ).
One can show that the product metric g is compatible with the defined J. A natural question to ask is under what conditions on M i ensure the product (M 1 × M 2 , J, g) is Kähler? Morimoto in [16] showed that the product is a complex manifold if and only if each factor M i is normal almost contact. Then, Capursi showed in [3] that the product manifold is Kähler if and only if (M i , φ i , ξ i , η i , g i ) are coKähler for i = 1, 2. In this paper, we prove a generalized geometric version of this classical result of Capursi. That is, we have Theorem 1.1: Let M 1 and M 2 be odd dimensional smooth manifolds each with a generalized contact metric structure (Φ, E ±,i , G i ), i = 1, 2 such that on the product M 1 ×M 2 are two generalized almost complex structures: J 1 which is the natural generalized almost complex structure induced from Φ 1 and Φ 2 and J 2 = GJ 1 where G = G 1 × G 2 . Then (M 1 × M 2 , J 1 , J 2 ) is generalized Kähler if and only if (Φ i , E ±,i , G i ), i = 1, 2 are generalized coKähler structures.
In section 2 we gather the basics of generalized complex, generalized Kähler, and generalized contact geometry. In section 3, we state and prove some basic properties of generalized almost contact metric structures and define the notion of a generalized coKähler structure. Then, in section 4 we prove the main Theorem 1.1. In section 5, we prove that a product of a generalized Kähler structure and a generalized coKähler structure admits a generalized coKähler structure and use this construction to give nontrivial examples of generalized coKähler structures on manifolds. Finally, in section 6, we prove that the analogs of the previous theorems in the paper hold in the setting of twisted generalized geometry and use these theorems to construct new examples of twisted generalized Kähler structures on manifolds that do not admit a classical Kähler structure. We also give examples of twisted generalized coKähler structures on manifolds which do not admit any classical coKähler structure.
Background on Generalized Complex Structures and Generalized Contact Structures
Throughout this paper we let M be a smooth manifold. Consider the big tangent bundle T M ⊕ T * M. We define a neutral metric on T M ⊕ T * M by
and the Courant bracket by
where X, Y ∈ T M and α, β ∈ T * M. A subbundle of T M ⊕ T * M is said to be involutive if its sections are closed under the Courant bracket [9] . Definition 2.1: A generalized almost complex structure on M is an endomorphism
Since J 2 = −Id, J has eigenvalues ± √ −1. Let L be the √ −1 eigenbundle of J . We say J is a generalized complex structure (alternately, we say J is integrable) if L is involutive. The subbundle L is a maximal isotropic with respect to , . Note that if X + α is a null vector so is J (X + α). By adding further null vectors and extending out to a maximal isotropic, we see that maximal isotropics must be even dimensional. Since T M is a maximal isotropic, we see that M must be even dimensional in order to admit a generalized almost complex structure.
Here are the prototypical examples:
Example 2.2: [9] Let (M 2n , J) be a complex structure. Then we get an integrable generalized almost complex structure by setting
Example 2.3: [9] Let (M 2n , ω) be a symplectic structure. The we get an integrable generalized almost complex structure by setting
Diffeomorphisms of M preserve the Lie bracket of smooth vector fields and in fact such diffeomorphisms are the only automorphisms of the tangent bundle. But in generalized geometry, there is actually more flexibility. That is to say, given T ⊕ T * equipped with the Courant bracket, the automorphism group is comprised of the diffeomorphisms of M and some additional symmetries called B-field transformations [9] . We can use these transformations to create new generalized geometric structures from existing ones, as we shall see in section 5. Definition 2.4: [9] Let B be a closed two-form which we view as a map from T → T * given by interior product. Then the invertible bundle map
is called a B-field transformation.
Recall that we can reduce the structure group of T ⊕ T * from O(2n, 2n) to the maximal compact subgroup O(2n) × O(2n). This is equivalent to an orthogonal splitting of T ⊕ T * = V + ⊕ V − , where V + and V − are positive and negative definite respectfully with respect to the inner product. Thus we can define a positive definite Riemannian metric on the big tangent bundle by
In the presence of a generalized almost complex structure J 1 , if G commutes with J 1 ( GJ 1 = J 1 G) then GJ 1 squares to −1 and we generate a second generalized almost complex structure, J 2 = GJ 1 , such that J 1 and J 2 commute and G = −J 1 J 2 . We are now able to recall the following: Definition 2.5: [9] A generalized Kähler structure is a pair of commuting generalized complex structures J 1 , J 2 such that G = −J 1 J 2 is a positive definite metric on T ⊕T * . The two examples just given together give the standard example of a generalized Kähler manifold [9] . Example 2.6: Consider a Kähler structure (ω, J, g) on M. By defining J J and J ω as in examples 2.2 and 2.3, we obtain a generalized Kähler structure on M, where
Let us now recall the odd dimensional analog of generalized complex geometry. We use the definition given in [19] . Definition 2.7: A generalized almost contact structure on M is a triple (Φ, E ± ) where Φ is an endomorphism of T M ⊕ T * M, and E + and E − are sections of T M ⊕ T * M which satisfy
An easy and immediate consequence [19] of these definitions is
Now, since Φ satisfies Φ 3 + Φ = 0, we see that Φ has 0 as well as 
Then we have the complex line bundles
and
are maximal isotropics. We say (Φ, E ± ) is a generalized contact structure (alternately we say Φ is integrable) if either of L ± is involutive. We say (Φ, E ± ) is a strong generalized contact structure (alternately we say Φ is strongly integrable) if both L + and L − are involutive.
Example 2.8: [17] Let (φ, ξ, η) be a normal almost contact structure on a manifold M 2n+1 . Then we get a generalized almost contact structure by setting
is an example of a strong generalized almost contact structure. Example 2.9: [17] Let (M 2n+1 , η) be a contact manifold with ξ the corresponding Reeb vector field so that
is an isomorphism from the tangent bundle to the cotangent bundle. Define a bivector field by
where α, β ∈ T * . We obtain a generalized almost contact structure by setting
In fact, (Φ, E ± ) is an example which is not strong.
The Definition of Generalized CoKähler and Some Properties and Examples
The classical notions of normal almost contact structures, contact metric structures, and cosymplectic structures all have analogs in the generalized context. Until now, the notion of a generalized coKähler structure has not been defined. In this section we propose a definition of a generalized coKähler structure.
Recall an almost contact structure (φ, ξ, η) on an odd dimensional manifold M is called normal if the associated almost complex structure on M × R is integrable. In a previous paper [6] , we proved that the product of generalized almost contact structures (M i , Φ i , E ±,i ), i = 1, 2 is a generalized complex structure if and only if each Φ i is strong and [[E ±,i , E ∓,i ]] = 0. Thus, in keeping with the classical notion of normal almost contact structure, we have
As a consequence of the theorem in our previous paper [6] if we take M to have a normal generalized contact structure and for R to have the trivial normal generalized contact structure (Φ = 0, E + = dt, E − = ∂t), then the cone M ×R admits a generalized complex structure. Thus our definition is consistent with the more restrictive definition of a normal generalized almost contact structure given in [20] .
An almost contact metric structure on M 2n+1 is an almost contact structure (φ, ξ, η) and a Riemannian metric g that satisfies g(φX, φY ) = g(X, Y ) − η(X)η(Y ). Sekiya [19] defined a generalized almost contact metric structure as a generalized almost contact structure (Φ, E ± ) along with a generalized Riemannian metric G that satisfies
We give here a lemma regarding generalized almost contact metric structures that will be useful in what follows. Lemma 3.2: Let (Φ, E ± , G) be a generalized almost contact metric structure on M 2n+1 . Then the following statements hold:
is a generalized almost contact metric structure, where B is a B-field transformation. Furthermore, this generalized almost contact metric structure is strong if (Φ, E ± ) is strong.
Proof. Since (Φ, E ± , G) is a generalized almost contact metric structure we have
For property (ii.), recall we have,
Apply Φ to both sides getting −Φ 2 GΦ = ΦG.
Using the formula for Φ 2 , we get
But Lemma 1 in [6] gives that E ± • Φ = 0. Thus the equation simplifies to
To establish property (iii.) we show first that
By property (i.) and the fact the G is self-adjoint, we obtain
By applying G again and using the fact that G 2 = Id and Φ and G commute gives the first inclusion. To show inclusion in the other direction, let
. For property (iv.), Sekiya [19] showed that (e B Φe −B , e B E ± ) is again a generalized almost contact structure. It remains to show that e B Ge −B satisfies the compatibility condition 3.1 with sections e B E ± . This reduces to showing that
Let X + α ∈ T ⊕ T * and so
where we have used that E + = ξ + + η + . On the other hand, we have
where we have used the general property that
The strong property follows immediately since the Courant bracket is invariant under B-field transforms. Hence L ± being Courant involutive is preserved as well.
Remark 3.1: Observe that an easy consequence of Lemma 3.2 (i.) and (ii.) together with (3.1) is that (M, GΦ, GE ± = E ∓ , G) is again a generalized almost contact metric structure.
Recall that a an almost coKähler structure on M 2n+1 is an almost contact metric structure (φ, ξ, η, g) [4] on M such that the 1-form η and the fundamental two form ω(X, Y ) = g(X, φY ) are closed. If in addition, the almost contact metric structure is normal, then (φ, ξ, η, g) is a coKähler structure on M. A classical theorem of Capursi [3] says that the manifold (M 1 × M 2 , J) where J is the product complex structure on M 1 × M 2 formed from φ 1 and φ 2 is Kähler if and only if (M 1 , φ 1 , ξ 1 , η 1 , g 1 ) and (M 2 , φ 2 , ξ 2 , η 2 , g 2 ) are coKähler. In light of the main theorem 1.1 of our paper, we make the following:
The sections associated to GΦ are GE ± = E ∓ and so automatically we get that [[E ± , E ∓ ]] = 0 for the generalized contact metric structure associated with GΦ. Hence, we could have alternatively defined a coKähler structure to be a generalized contact metric structure (M, Φ, E ± , G) such that both (M, Φ, E ± , G) and (M, GΦ, E ∓ , G) are normal.
If (M, Φ, E ± , G) is a normal generalized contact metric structure then by definition Φ is strong. It is important to emphasize that there may be normal generalized contact metric structures where GΦ is not strong as the following example shows. Example 3.4: Let M = SU(2). On the Lie algebra su(2) choose a basis {X 1 , X 2 , X 3 } and a dual basis {σ 1 , σ 2 , σ 3 } such that [X i , X j ] = −X k and dσ i = σ j ∧ σ k for cyclic permutations of {i, j, k}. One can construct a classical normal almost contact structure by taking φ = X 2 ⊗ σ 1 − X 1 ⊗ σ 2 , ξ = X 3 and η = σ 3 . Then, as in example 2.7, we can construct a generalized almost contact structure by letting
g 0 where g is any
Riemannian metric compatible with the almost contact structure. It is a straightforward calculation to verify G is compatible with the (Φ, E ± ). So we have that GΦ defines a generalized almost contact structure on SU(2). But observe that
Gφ . Therefore, GΦ is not strong even though Φ is strong.
Recall that a Kähler structure on M induces a generalized Kähler structure on M. The odd dimensional version of this holds as well: Proposition 3.5: Any coKähler manifold is generalized coKähler.
Proof. Let (φ, ξ, η, g) be a coKähler structure on M with the fundamental two form ω. Define
We will argue that (Φ φ , E ± , G) is a generalized coKähler structure on M. Let us first verify that such a G is compatible with (Φ φ , E + = ξ, E − = η). The compatibility condition (3.1) for our case reduces to verifying the following equality:
where X + α ∈ T ⊕ T * . Now, φ * gφX = g(φX, φ) = g(X, ·) − η(X)η, using the compatibility of g. Furthermore, since g is a Riemannian metric which induces an isomorphism between T and T * , let us write α = g(Y ) for some Y ∈ T. Then,
But this is precisely, g −1 α − α(ξ)ξ, using the fact that g(Y, ξ) = η(Y ) and g(X, φY ) = −g(φX, Y ).
Since we assume (φ, ξ, η, g) is a coKähler structure on M, it is normal. Thus,
is strong. Thus we have showed (M, Φ φ , E + = ξ, E − = η) is a normal generalized contact metric structure. Now, a straightforward computation shows GΦ φ = Φ ω . Again, in [17] , it was shown Φ ω is strong. Therefore, (M, Φ φ , E ± , G) is a generalized coKähler structure.
Proof of the Main Theorem
Fix the generalized almost contact structures (M i , Φ i , E ±,i ), i = 1, 2. Now on the product even dimensional manifold M 1 × M 2 we construct in [6] a natural generalized almost complex structure given by
We showed also in that paper that (M 1 × M 2 , J ) is a generalized complex structure if and only if (M i , Φ i , E ±,i ) are each strong generalized contact structures and [[E ±,i , E ∓,i ]] = 0. To prove our main Theorem 1.1., we have to introduce generalized metrics G i which are compatible with Φ i , i = 1, 2. Then on M 1 × M 2 , with its product metric G = (G 1 , G 2 ), we will have two generalized almost complex structures J and J = GJ that commute. We will prove that J is integrable if and only if G i Φ i are strong.
First we record a lemma which will be useful.
Lemma 4.1: [6] Let (M, Φ, E ± ) be a generalized almost contact structure. Then Φ is strong if and only if
Here is now the main theorem to be proved: Theorem 1.1: Let M 1 and M 2 be odd dimensional manifolds each with a generalized coKähler structure (Φ i , E ±,i , G i ) i = 1, 2. Furthermore, let J 1 be defined as in (4.1) and let J 2 = GJ 1 , where G is the product metric.
Proof. Assume M 1 and M 2 are odd dimensional manifolds each with a generalized almost contact metric structure (Φ i , E ±,i , G i ). On M 1 × M 2 we have the product metric G = (G 1 , G 2 ). We know from Theorem 1 in [6] that M 1 × M 2 admits an integrable generalized complex structure
Thus its enough to produce a second integrable generalized complex structure that commutes with J 1 . Note that J 1 and G commute by direct computation. So define
One can now compute an explicit formula for J 2 :
A direct calculation shows that J * 2 = −J 2 . All that remains to be shown is that the √ −1 eigenspaces of J 2 are closed under the Courant bracket. From the formula for J 2 we see that the generators of its √ −1 eigenspace are given by
So its enough to verify that these generators are closed under Courant bracket.
Similarly,
and so the √ −1 eigenbundle of J 2 is Courant closed and thus (
Conversely, assume M 1 ×M 2 is a generalized Kahler manifold with generalized complex structures J 1 and J 2 as given above. We must show (Φ i , E ±,i , G i ) are generalized coKähler for i = 1, 2. By applying theorem 1 in [6] , to (M 1 × M 2 , J 1 ) we get immediately that (Φ i , E ±,i , G i ) are normal for i = 1, 2. Since J 2 = GJ 1 is induced from G i Φ i , we can apply theorem 1 in [6] again to (M 1 × M 2 , J 2 )and this shows G i Φ i are normal. Therefore, (Φ i , E ±,i , G i ) is a generalized coKähler structure for i = 1, 2.
Here is another proof of Proposition 3.5 as an application of our main theorem.
Corollary 4.2: Any coKähler manifold is generalized coKähler.
Proof. Let (φ, ξ, η, g) be a coKähler structure on M and let R have its trivial coKähler structure. Now M × R with its product metric is Kähler (see [4] ). Therefore it is generalized Kähler. By applying our theorem, this gives (M, φ, ξ, η, g) is generalized coKähler.
Some Examples of CoKähler Structures
We have already seen that every classical coKähler structure gives a generalized coKähler structure. In this section, we provide many more examples of generalized coKähler structures on manifolds. The examples we construct arise from three general constructions: i.) B-field transformations, ii.) products of manifolds and iii.) deformations of generalized Kähler structures.
First, by using B-field transformations, we can generate many examples. Example 5.1: Consider the generalized coKähler structure (Φ φ , E ± , G) and let B be a closed two form. Perform B-field transformations obtaining
and the generalized metric given by Remark 5.1: This example also demonstrates that the metric G in a generalized coKähler structure does not have to be diagonal.
Consider the product of a Kähler manifold (M, ω, J, g) and R (or S 1 .) Using the trivial coKähler structure on R, one can construct on M × R a coKähler structure. This product construction can be extended to the generalized context, providing a source of many examples. Proposition 5.2: Let (M, J 1 , J 2 , G M ) be a generalized Kähler manifold and let (N, Φ 1 , E N,± , G N ) be a generalized coKähler manifold. Then M × N admits a generalized coKähler structure.
Define E + = (0, E N,+ ), and
It is easy to verify that (Φ, E ± , G) is a generalized almost contact metric structure on
is clearly closed under the Courant bracket which implies that Φ is strong. Also, observe
GΦ is easily seen to be closed under the Courant bracket so GΦ is strong. Therefore, (M × N, Φ, E ± , G) defines a generalized coKähler structure.
In [7] , Goto proves a stabilty theorem for generalized Kähler structures on a manifold M under the hypothesis that there exists an analytic family of generalized complex structures on the manifold. Further, Goto shows that the space of obstructions to deformations of generalized complex structures vanishes in the case of a compact Kähler manifold with a holomorphic Poisson structure β. We can use these theorems in combination with the above product theorem to construct examples of nontrivial generalized coKähler manifolds. By nontrivial generalized coKähler, we mean that the generalized coKähler structure does not come from a classical coKähler structure or a B-field transform of a classical coKähler structure. We first state the Goto theorem we wish to exploit: It would be interesting to find examples of strictly almost Kähler manifolds that admit a generalized Kähler structure. It is possible to construct such examples if a notion of a twisted Courant bracket is employed and generalized geometric structures are built with respect to this bracket. The first example constructed in [9] , was the Hopf surface S 3 × S 1 which is strictly almost Kahler since its first Betti number is one. Gualtieri proceeded to show that the Hopf surface does not admit any generalized Kähler structure. However, by "twisting" the structure by a real closed three form, he showed that the strictly almost Kähler Hopf surface does admit a twisted generalized Kähler structure. This geometry was discovered many years ago in the context of a supersymmetric SU(2) × U(1) WZW model ( [9] , [18] ). In the next section, we will construct strictly almost Kähler manifolds that admit twisted generalized Kähler structures and we will also show that there exist strictly almost coKähler manifolds that admit twisted generalized coKähler structures.
H-Twisted Generalized CoKähler Geometry
In his thesis, Gualtieri studied the notion of the H-twisted Courant bracket in generalized complex and generalized Kähler geometry. The H-twisted Courant bracket is an adjustment of the Courant bracket by a real closed 3-form H, given by:
(The bracket without the subscript is the usual Courant bracket.) Once the H-twisted Courant bracket is defined on the big tangent bundle, one can explore generalized geometric properties with respect to this twisted bracket. For instance, the notion of a generalized complex structure is defined relative to the twisted bracket. More precisely, [11] , [7] ).
In this section, we formulate the notion of H-twisted generalized coKähler geometry. Furthermore, we observe that the previous results in [6] as well as the previous sections in this paper carry over to the twisted context. We can use these theorems to construct strictly almost Kähler manifolds that admit H-twisted generalized Kähler structures and examples of strictly almost coKähler manifolds that admit H-twisted generalized coKähler structures. We observe below that the results in [6] as well as the results in section 4 and 5 still hold with the Courant bracket replaced by the H-twisted Courant bracket. However, to properly formulate the product theorem in [6] as well as Theorem 1.1 we must be clear about the twisted Courant bracket on a product of manifolds with twisted generalized geometric structures. Let
The H-twisted Courant bracket on the product manifold M 1 × M 2 is given by: 
Proof. The proof of this theorem in the untwisted (H = 0) case hinges on applying Lemma 4.1. Thus, to prove Theorem 6.4, we must adapt the proof of Lemma 4.1 to the twisted case. But this is completely straightforward.
is a normal twisted generalized contact structure such that GΦ is also strong.
Let us revisit example 3.4 to show that even in the twisted case, if Φ is strong it may not be true in general that GΦ is strong. Again, the proof goes through as before since the arguments really only use the bilinearity properties of the bracket.
We now apply these ideas to construct examples of almost Kähler non-Kähler manifolds which admit H-twisted generalized Kähler structures. In doing this, we also generate examples of almost coKähler non-coKähler manifolds which admit H-twistedExample 6.10: (Twisted Generalized CoKähler of arbitrary odd dimension > 7 ) The construction by Fino and Tomassini [5] of a strictly almost Kähler manifold which admits a H-twisted generalized Kähler structure can be generalized to any even dimension larger than six. Denote such a space by M 2n . Taking the product of M 2n with S 1 yields strictly almost coKḧler manifolds which admits an H-twisted generalized coKähler structure in any odd dimension bigger than or equal to seven. The first Betti number of these spaces is two. Since the first Betti number of any coKähler manifold is odd, these manifolds are strictly almost coKähler.
An important feature of generalized Kähler geometry is its relationship with classical bi-Hermitian geometry. It was shown by Gualtieri in [9] that having a generalized Kähler structure on a manifold is equivalent to having a bi-Hermitian structure on the manifold. Therefore, example 6.8 gives examples of manifolds which admit classical bi-Hermitian structures as well.
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